We introduce a quantification of the question in the title: the logarithmic sensitivity of the relic neutralino density Ω χ h 2 to variations in input parameters such as the supersymmetric mass scales m 0 , m 1/2 and A 0 , tan β and the top and bottom quark masses. In generic domains of the CMSSM parameter space with a relic density in the preferred range 0.1 ≤ Ω χ h 2 ≤ 0.3, the sensitivities to all these parameters are moderate, so an interesting amount of supersymetric dark matter is a natural and robust prediction. Within these domains, the accuracy in measuring the CMSSM and other input parameters at the LHC may enable the relic density to be predicted quite precisely. However, in the coannihilation regions, this might require more information on the supersymetric spectrum than the LHC is able to provide. There are also exceptional domains, such as those where direct-channel pole annihilation dominates, and in the 'focus-point' region, where the logarithmic sensitivity to the input parameters is greatly increased, and it would be more difficult to predict Ω χ h 2 accurately.
The annihilations of stable particles weighing < ∼ 100 TeV that were once in thermal equilibrium in the early Universe are able to produce a relic density comparable to the critical density. In particular, weakly-interacting stable particles weighing ∼ 1 TeV may well have a cosmological density in the preferred range, if they were formerly in thermal equilibrium. An example is provided by the lightest supersymmetric particle, assumed to be the lightest neutralino χ, which is expected to be stable in models with conserved R parity [1] . For example, it is often remarked that supersymmetric dark matter 'naturally' has a relic density Ω χ h 2 in the range 0.1 ≤ Ω χ h 2 ≤ 0.3 preferred by astrophysics and cosmology [2] .
The TeV mass scale for supersymmetry is motivated independently by the hierarchy problem: how to make the small electroweak scale m W ≪ m P ∼ 10 19 GeV 'natural', without the need to fine-tune parameters at each order in perturbation theory [3] . This is possible if the supersymmetric partners of the Standard Model particles weigh < ∼ 1 TeV, but the amount of fine-tuning of supersymmetric parameters required to obtain the electroweak scale increases rapidly for sparticle masses ≫ 1 TeV. In an attempt to quantify this, it was proposed [4, 5] to consider the logarithmic sensitivities of the electroweak scale to the supersymmetric model parameters a i :
In the constrained MSSM (CMSSM) with universal soft supersymmetry-breaking parameters, the a i include the common scalar mass m 0 , the common gaugino mass m 1/2 , the common trilinear parameter A 0 at the GUT scale and the ratio of Higgs vev's, tan β, with the Higgs mixing parameter µ being determined (up to a sign) by the electroweak vacuum conditions. The measure (1) has been used, for example, to quantify the fine-tuning price imposed by the absence of sparticles at LEP [6] . The point has also been made that supersymmetric models with 0.1 ≤ Ω χ h 2 ≤ 0.3 tend to have small values of ∆ ≡ Max i ∆ i [7] , establishing a link between (the absence of) hierarchical fine-tuning and good cosmology.
In this paper, we propose analogous measures of sensitivity to quantify the fine-tuning needed to obtain in the CMSSM a relic density Ω χ h 2 in the range preferred by cosmology:
The input parameters a i now include, along with the CMSSM parameters introduced above, the top-and bottom-quark masses, Standard Model parameters which are not so well known, and whose current uncertainties have important impacts on calculations of Ω χ h 2 . We also explore the accuracy to which measurements of the CMSSM parameters at the LHC might enable Ω χ h 2 to be calculated [8] .
In generic regions of the CMSSM parameter space, we find that the overall sensitivity
is relatively small: ∆ Ω < ∼ 10, implying that measurements of the input parameters at the 10 [1] % level will enable Ω χ h 2 to be calculated to within a factor O(2) [O(10%)]. The sensitivity ∆ Ω is somewhat enhanced in the χ −l coannihilation region [9, 10] , and here an accurate calculation of the relic density might not be possible with LHC measurements of the CMSSM parameters alone. There are also exceptional regions where the sensitivity of ∆ Ω is greatly enhanced, notably at large tan β where there are 'funnels' in CMSSM parameter space due to rapid χχ → H, A annihilation [11] , and in the 'focus-point' region [12] , where ∆ Ω may rise to several hundred. In the focus-point region, there is extreme sensitivity to m t : even if m t is measured at the 1 % level, Ω χ h 2 may be uncertain by a large factor for any specific set of CMSSM parameters. We start by outlining our procedure [11] for calculating the neutralino relic density Ω χ h 2 and its sensitivity to the CMSSM parameters. As already mentioned, we consider as independent parameters the universal soft mass terms m 0 , m 1/2 , the trilinear soft supersymmetrybreaking parameter A 0 , and tan β. We also assume unification of the gauge couplings at the GUT scale as an input into the renormalization-group calculations of the CMSSM parameters at the electroweak scale. The top-and bottom-quark masses are potentially important for the relic density calculations, particularly at large tan β, and are relatively poorly known, so we also track the sensitivity of Ω χ h 2 to their values. As defaults, we choose the running bottom-quark mass m b (m b ) M S SM = 4.25 GeV [13] and the top-quark pole mass m t = 175 GeV. However, for our calculations in the 'focus-point' region [12] we use m t = 171 GeV. This choice of m t allows us to display the focus-point region at values of m 0 between 1 and 2 TeV, for ease of comparison with [12] . If we had chosen m t = 175 GeV, our calculations would have located the focus-point region between 2 and 3 TeV.
More details of our code to evaluate Ω χ h 2 are given in [11] and references therein, so here we note just a few relevant aspects. Calculations at small-to-moderate tan β < ∼ 25 have no novel features, though we do recall the importance of including χ−l coannihilation processes at large m 1/2 . As discussed in [11] , several new coannihilation processes and diagrams become relevant at larger values of tan β, which are included here. Also important at large tan β are direct-channel annihilation processes: Indeed, there is a substantial domain of this (m 1/2 , m 0 ) plane where the sensitivity parameter ∆ Ω < 3. Therefore, at least in this domain of parameter space, supersymmetric dark matter does not require fine tuning. We also note that the CMSSM value of g µ − 2 is in good agreement [15] with the data [16] in this 'generic' domain at moderate m 0 /m 1/2 , as is the rate for b → sγ [17] .
Moreover, the small magnitude of ∆ Ω suggests that one might hope, with a % accuracy in the CMSSM parameters, to aim at a 10 % accuracy in calculating Ω χ h 2 . In this connection, we note that the preferred range 0.1 ≤ Ω χ h 2 ≤ 0.3 in this 'generic' domain requires moderate values m 1/2 < ∼ 400 GeV and m 0 < ∼ 200 GeV, where the LHC may be able to make detailed measurements of the sparticle spectrum and hence the CMSSM parameters [18] . We return later to a more careful consideration of the individual ∆ reduces the relic density to an acceptable level for finely tuned values of m 1/2 , which is the reason ∆ Ω takes on values in excess of 100 there. However, a close approach to this pole is forbidden by the LEP lower limits on the chargino mass m χ ± , and is also disfavoured by the LEP lower limit m h > 113.5 GeV [19] , making this point somewhat moot.
The increase in ∆ Ω close to a ray in the (m 1/2 , m 0 ) plane at small m 0 /m 1/2 is due to the importance of coannihilation [9] , whose significance varies with ml − m χ and hence the CMSSM parameters. However, we still find that ∆ Ω < 20 in this coannihilation region, so the relic density does not require excessive fine-tuning in order to fall within the preferred range 0.1 ≤ Ω χ h 2 ≤ 0.3. On the other hand, the LHC may not be able to provide very detailed measurements of the sparticle spectrum in this region [20] , so it may not facilitate a very accurate calculation of Ω χ h 2 . On the bright side, we note that this region does not agree well [15] with the value of g µ − 2 reported recently [16] . We do not show (m 1/2 , m 0 ) planes for other low-to-moderate values of tan β < ∼ 25, but simply remark that they are qualitatively similar to Fig. 1(a) for both signs of µ. In particular, there are qualitatively similar zones where ∆ Ω < ∼ 10, or even < ∼ 3. These regions are also generally compatible with g µ − 2 [16] . However, it should be remembered that the b → sγ constraint [17] (not shown here) excludes domains of small m 1/2 which increase as tan β increases, and are larger for µ < 0.
Panel (b) of Fig. 1 displays the (m 1/2 , m 0 ) plane for µ < 0 and tan β = 35, near the upper limit for which we find extensive regions of acceptable electroweak vacua for this sign of µ and our default choices of m t and m b [11] . We note that the sensitivity ∆ Ω is generally higher than in panel (a) for tan β = 10, foreshadowing the breakdown of the electroweak vacuum conditions. We also see a 'funnel' at m 0 ∼ m 1/2 , where the relic density varies rapidly, reflecting the importance of direct-channel χχ → H, A pole annihilations, so that ∆ Ω is large. Indeed, ∆ Ω ∼ 100 in the cosmological funnel, and even exceeds 1000 deep in the pole region where the relic density is very small. The sensitivity measure ∆ Ω is significantly larger than for tan β = 10 also at larger values of m 0 /m 1/2 ∼ 2, reflecting the fact that the preferred range of m 0 increases relatively rapidly as tan β increases and the rapid-annihilation 'funnel' moves to higher m 0 ∼ m 1/2 . The behaviour of ∆ Ω in the coannihilation region of Fig. 1(b) is qualitatively similar to that in Fig. 1(a) , whilst being somewhat more elevated. In the good cosmological region with low m 1/2 , ∆ Ω > ∼ 20.
Panel (c) of Fig. 1 displays the case µ > 0 and tan β = 50, which is again close to the upper limit for which we find extensive regions of acceptable electroweak vacua for this sign of µ and our default choices of m t and m b [11] . 'focus-point' region adjoins the (mauve) shaded region where we do not find a consistent electroweak vacuum. The fact that the 'focus-point' region moves rapidly with a small change in m t largely explains the high values of the sensitivity parameter ∆ Ω ∼ 500 in this region: analogous high sensitivity to m t can be seen in Fig. 9 of the second paper in [12] 2 .
As an aid to better understanding of the origins of the variations in the overall sensitivity measure ∆ Ω in Fig. 1 , we display in Fig. 2 the left side of the rapid annihilation 'funnel', a much narrower region on the right side when m 1/2 ∼ 1600 GeV, that is not shown in Fig. 2(c) , and another narrow region in the coannihilation region when m 1/2 ∼ 1800 GeV. The dominant sensitivity to the left of the 'funnel' is that to m t , followed by those to tan β and m b . These all increase as the 'funnel' is approached, reflecting its sensitivities to these parameters. In the coannihilation region of Fig. 2(c) , the sensitivities to tan β, m 0 and m 1/2 dominate as mτ 1 − m χ → 0 + , and are all more important than for tan β = 10, as shown in Fig. 2(a) . Finally, we consider what light this analysis casts on the accuracy with which LHC measurements might eventually enable Ω χ h 2 to be calculated [8] . We assume that δm t /m t = 1% in the LHC era, and that δm b /m b = 5% [13] in all cases. Detailed studies of the precision with which a combination of LHC measurements could constrain CMSSM parameters have been made for a limited number of benchmark points [18, 21, 22, 23] . Unfortunately, these LHC benchmark points are now outdated, e.g., because the relic density is too high or because m h is too low, and they are often bad also for g µ − 2 and/or b → sγ. However, we select for our analysis two LHC points that yield Ω χ h 2 < 0.3, and attempt to extract from them useful indicators for points that yield Ω χ h 2 in the preferred range.
LHC Point 5:
This is the LHC point for which the most detailed studies are available [18, 21, 22] . It has µ > 0 and the following values of the CMSSM parameters 3 :
m 0 = 100 GeV, m 1/2 = 300 GeV, tan β = 2
corresponding, according to our calculations, to Ω χ h 2 = 0.22 (within the preferred range) and m h ≃ 91 GeV [24] (which is excluded by LEP). Moreover, though its value of b → sγ is satisfactory, its value of g µ − 2 is too small. However, it may serve as a useful indicator.
At this point, a number of spectroscopic measurements would have been possible at the LHC [18, 21, 22] , and the errors in the LHC determinations of the numerical parameters were estimated to be:
Extending our analysis of the ∆ Ω i to this specific extra case, we find the following sensitivities to parameters:
Combining in quadrature the errors in (5) with the sensitivities (6) in the calculation of Ω χ h 2 , we estimate
where the inequality sign recalls that there are certainly other errors in the calculation of Ω χ h 2 , that may not be negligible. However, we infer from (7) that an accurate calculation
of Ω χ h 2 may be possible in 'generic' domains of the allowed CMSSM parameter space for moderate tan β. 
corresponding, according to our calculations, to Ω χ h 2 = 0.045 (below our preferred range, but not excluded) and m h = 112 GeV (which may be allowed by LEP when one allows for theoretical uncertainties). However, neither b → sγ nor g µ − 2 are satisfactory for this point. The errors in the LHC determinations of the CMSSM parameters were estimated to be:
δm 0 = 29 GeV, δm 1/2 = 9 GeV, δ tan β = 5.
In this case, we find that the parameter sensitivities are somehwat more elevated:
in view of which we conclude that
in this case. We note, moreover, that, for this value of tan β, Ω χ h 2 is large enough to be in the range preferred by cosmology only if larger values of m 0 and/or m 1/2 > ∼ 400 GeV are chosen. We recall that LHC Points 1 and 2 had m 0 = m 1/2 = 400 GeV [18] , and that in these cases the limited LHC measurements did not provide any accuracy in the determination of m 0 . (These points also had Ω χ h 2 > ∼ 1.6, acceptable b → sγ and unacceptable g µ − 2.) We conclude from this discussion and (11) that an accurate calculation of Ω χ h 2 may not be possible at large tan β using LHC data alone. For the record, we recall that LHC Point 3 [18] had m 0 = 200 GeV, m 1/2 = 100 GeV, tan β = 2 and µ < 0, leading to m h ∼ 67 GeV [24] , which is far too small. This points also had Ω χ h 2 ≃ 0.38 (rather too high) and unacceptable g µ − 2, though b → sγ was satisfactory. We do not discuss this point in detail, but note that, like at Point 5, Ω χ h 2 could in principle be calculated quite accurately using LHC data. Finally, LHC Point 4 has m 0 = 800 GeV, m 1/2 = 200 GeV, tan β = 10, leading to Ω χ h 2 = 5.6, rendering it uninteresting for this analysis. For completeness, we note that this point had m h ≃ 111 GeV, acceptable b → sγ and unacceptable g µ − 2. We also note that, although some sparticle measurements are possible in the coannihilation region [20] , it seems unlikely that LHC measurements alone will constrain the CMSSM parameters sufficiently to enable Ω χ h 2 to be calculated accurately.
To conclude: We have demonstrated in this paper that there are 'generic' domains of CMSSM parameter space at moderate tan β where the sensitivity ∆ Ω of the relic density Ω χ h 2 is rather small. Thus, obtaining Ω χ h 2 in the range preferred by astrophysics and cosmology does not require 'fine-tuning' of the values of the CMSSM parameters. The sensitivity of Ω χ h 2 to the CMSSM parameters is somewhat increased in the coannihilation region [9] , but not to an alarming extent. It is also increased at large tan β, particularly in the 'funnel' regions where rapid χχ → H, A annihilations are important [11] . We also found large values of ∆ Ω in the 'focus-point' region [12] , where the CMSSM parameters and particularly m t must be adjusted for a given set of supersymmetric input parameters, if Ω χ h 2 is to fall within the preferred range. The tracking of the individual sensitivities, ∆ Ω i clarifies which parameters must be measured and treated carefully in order to calculate Ωh 2 reliably.
In the generic regions with low ∆ Ω , LHC measurements [18] may enable Ω χ h 2 to be calculated accurately. It would be interesting to study how accurately the CMSSM parameters could be measured at a new set of benchmark points that respect the constraints imposed by LEP and other recent experiments [25] , both at the LHC and with a possible linear e + e − collider. As already mentioned, there are clearly cases where the LHC alone cannot determine the CMSSM parameters with sufficient precision to enable Ω χ h 2 to be calculated accurately, and it would be interesting to see how a linear e + e − collider could contribute. A successful, accurate calculation of Ω χ h 2 on the basis of accelerator data would surely be the culmination of supersymmetric dark matter studies, making this a worthwhile objective to pursue.
